It is shown that the quantum error-correction can be acheived by the using of classical binary codes or additive codes over F 4 (see 
Introduction and Preliminaries
Since the poineering works in [1] , [2] ,[3] now quantum error-correcting codes is rapidly developed and a thorough discussion of the principles of quantum coding theory was offered in [4] , and many examples and tables about various bounds were given there. Also many kinds of interesting good quantum codes were constructed by the using of classical binary codes, see,e.g., [5] [6] and [7] . It is natural to consider to use the theory of Algebraic-geometric codes to construct good quantum codes. In this paper, the family of asymptotically good quantum codes is constructed from algebraic-geometric codes over the well-known Garcia-Stichtenoth second tower [8] and some good quantum codes were given by the using of algebraic curves over finite fields of characteristic 2. The general restriction and goodness of the quantum codes from our this construction is also analysised.
The paper is organized as follows. We recall basic results of CaderbankShor-Steane construction (CSS codes), one theorem in [7] and the basic construction of algebraic-geometric codes (e.g.,see [10] ) below. The family of asymptotically good quantum codes is constructed in section 2. In section 3 we construct some good quantum codes from algebraic curves. The conclusions are presented in the last section.
We recall the following result in [1] , [2] or [4] . Theorem 1.1 (Calderbank-Shor-Steane) Let C 1 and C 2 be two binary codes with parameters [n,
Since we use codes over F 2 t sometimes instead of binary codes. We need to recall binary expansion B(C) of a linear F 2 t code C with respect to a base B of F 2 t over F 2 as in [7] . It is easy to define the expansion B :
with respect to the base B. The binary expansion B(C) of the code C is defined componentwise. It is well-known that there exists a self-dual base for the fields of characteristic 2. We need to use the following result of [7] .
Let X be a genus g smooth, projective, absolutely irreducible curve defined over F q , P be a set of n F q -rational points of X and G be a F q -rational divisor of X, such that, supp(G) ∩ P = ∅ and 2g − 2 < deg(G) < n. Then the functional C L (G, P ) and residue C Ω (G, P ) algebraic-geometric codes can be defined. It is well-known that the dual of C L (G, P ) is C Ω (G, P ) (e.g.,see [10] Cha.II, section 2).There parameters are as follows.
Asymptotically good quantum codes
Now we recall the results in [8] (see section3 of [8] ) about a tower of function fields
.. over F q 2 attaining the Drinreld-Vlȃduţ bound,i.e., lim sup(N(i)/g(i)) = q − 1, where N(i) and g(i) are the number of F q 2 -rational points and genus of T i respectively. These function fields are given by
Let X i be the family of algebraic curves over F q 2 corresponding to the function fields T i . Let Ω be the set of q roots of y q + y = 0 in F q 2 . We note that for each value of
+ 1) in F q 2 and each such solution x 2 is in the set F q 2 \ Ω. Hence we can continue this argument to get at least (q 2 − q)q i−1 = (q − 1)q i F q 2 -rational points of the curve X i (see [8] Lemma 3.9 in p.265). Moreover it is known that the genus g(2i) = (q i − 1) 2 and g(2i + 1) = (q i+1 − 1)(q i−1 − 1) (see [8] ,p.265).
From now on we take q = 2 t . We take two points P (h) , Q (h) from these (q − 1)q h F q 2 -rational points and let D h be the set of other (q − 1)q h − 2 F q 2 -rational points of X h . Consider algebraic-geometric functional code
Its dual is the algebraic-geometric residue code
We know the residue code Proof. We take the binary code C 1 = B(T 1 ) and C 2 = B(T 2 ), where B is any given self-dual base of F 2 t over F 2 . From Theorem 1.2 C 
. From the restriction on m we have to take t ≥ 3, thus, R = , when m = 2 t−1 .We know that R and δ are positive and R + δ ≥ 1 4t
. Thus the conclusion is proved when we take t = 3.
From Theorem 2.1 the family of asymptotically good quantum codes is constructed.
3 Quantum codes from curves over F 2 t
We consider the quantum codes from Theorem 1.1 by the using of algebraic curves over F 2 t .
Theorem 3.1 Suppose X is an algebraic curve defined over F 2 t with N rational ponits and genus g. Let m, m ′ be positive integers satisfing 2g − 2 < m < N and 0 ≤ m ′ < m − 2g + 2. Then there exist a quantum
Proof. We take 2 rational points P, Q of X and let D be the set of other N − 2 rational points. Consider the codeT 1 = C L (mP, D) and
. From the well-known fact in algebraic-geometric code theory (see [10] ), we have T D) is a subcode of T 2 . Let B be any self-dual base of F 2 t over F 2 , C 1 = B(T 1 ) and C 2 = B(T 2 ). From Theorem 1.2 we have C This result offers a lot of quantum codes with flexibility of choices of parameters as in classical algebraic-geometric code theory (see [10] and comparing to quantum codes in [4] , [5] , [6] ). For the existence of algebraic curves with specifc (N, g) we refer to G. van der Geer and M. van der Vlugt's list [9] . For example, if we use an algebraic curve over F 4 with (N, g) = (9, 1 From Theorem 3.1, the projective curves over F 2 t with (N, g) = (2 t + 1, 0) can be used to construct quantum codes. Proof. This is direct from Theorem 3.1.
It is well-known that maiximal elliptic curve,ie., curves with (N, g) = (4 t + 2 t+1 + 1, 1), exist for any field F 2 2t (e.g., see [11] ). We have the following result. 
